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Fig. 1. We introduce the projected specular manifold to enable derivative computation with specular BSDFs containing Dirac delta functions. We then apply
the warped-area reparameterization and propose a direct-interpolation-based method to construct the velocity field, which is practical and efficient. Our
method can handle the boundary integral caused by discontinuity curves under specular constraints with low additional cost, and can be generalized to glossy
BSDFs to reduce derivative noise. In this example, we show a glass window with specular (left) and glossy (right) pieces. The derivatives are computed with
respect to the position of the light outside the window.

Physics-based differentiable rendering computes derivatives of radiometric

measures with respect to scene parameters. A key challenge lies in han-

dling scene discontinuities from geometries, materials, and other factors.

These discontinuities lead to a unique boundary integral defined on dis-

continuity curves. While occlusion-induced discontinuities have been well

studied, those caused by materials, especially specular materials, remain

largely unexplored. Specular bidirectional scattering distribution functions

(BSDFs) contain Dirac delta distributions arising from the laws of perfect

reflection or refraction, which constrain light path geometry and restrict the

path integral to the specular manifold. The specular manifold is defined by

geometric constraints and lacks explicit location, making the evaluation of

discontinuity curves challenging. To address this, our key insight is that we

can locate the specular manifold without explicit computation by projecting

it onto a subregion of a specular object, which we call the projected specu-
lar manifold (PSM). After projection, while exact locations of discontinuity
curves remain unknown, we can adopt the warped-area reparameterization

to convert the boundary integral into an interior integral over the surface,

avoiding the need to precisely locate these curves. The key challenge of this

reparameterization is constructing an additional velocity field. For this, our
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key observation is that for a specular path, the distances from vertices to

manifold boundaries and associated velocities are known. Therefore, we

propose a simple but practical direct-interpolation-based method to construct

the velocity. Furthermore, we extend the warped-area sampling to handle

visibility boundaries with specular BSDFs and generalize our method to

glossy materials. Our computed derivatives match references with minor

additional computational cost, and can successfully drive gradient-based

optimization tasks like shape and position estimation. Our implementation

is available at https://github.com/Rhythm25/PSM.

CCS Concepts: • Computing methodologies→ Rendering.

Additional Key Words and Phrases: Differentiable rendering, specular mani-
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1 INTRODUCTION
Physics-based differentiable rendering computes the derivatives of a

rendered image with respect to scene parameters. These derivatives

can be used in gradient-based optimization for inverse rendering

applications. A key challenge in differentiable rendering is handling

scene discontinuities, which may arise from geometries, materi-

als, light sources, and other factors. Many existing approaches [Li

et al. 2018; Xu et al. 2023; Zhang et al. 2020] focus on discontinu-

ities caused by occlusions, showing that differentiating radiance

requires computing an interior integral and a boundary integral.

While occlusion-induced discontinuities have been widely studied,
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discontinuities caused by materials, such as specular materials, are

often neglected. Specular materials commonly appear on surfaces

like perfectly smooth water and metals. Their bidirectional scatter-

ing distribution function (BSDF) contains a Dirac delta distribution

(referred to simply as the delta function), which introduces discon-

tinuities. Our goal is to compute derivatives for specular BSDFs and

to handle discontinuities caused by delta functions.

The specular BSDF contains a delta function, which scatters light

into a discrete set of directions. As a result, light paths are con-

strained to satisfy geometric laws of perfect reflection or perfect

refraction. Previous work [Jakob and Marschner 2012] has shown

that such constraints restrict the path integral to the specular mani-

fold, which is the space of specular paths satisfying these geometric

laws. In differentiable rendering, some existing works [Vicini et al.

2021; Xing et al. 2023, 2024; Zeltner et al. 2021] perform differentia-

tion with specular BSDFs by enforcing that light paths satisfy these

constraints during differentiation. However, their methods can only

evaluate the interior integral and cannot compute the boundary

integral, which handles discontinuities arising from scene geometry.

As a result, computing the boundary integral for specular BSDFs

remains unexplored.

Since the path integral is restricted to the specular manifold,

computing the boundary integral requires evaluating discontinuity

curves on the specular manifold. Two types of such curves need to

be considered: visibility boundaries, and curves arising from object

boundaries or normal discontinuities. We refer to the second type as

manifold boundaries. Unfortunately, the specular manifold cannot

be located explicitly, making it difficult to compute its exact region,

which in turn challenges the computation of the boundary integral.

To overcome this challenge, our key insight is that the specular

manifold is a two-dimensional manifold, and we can define it by

projecting it onto a subregion of a specular object, which we refer

to as the projected specular manifold (PSM). Given this definition,

while the exact location of the PSM remains unknown, we can

apply the warped-area reparameterization [Bangaru et al. 2020; Wu

et al. 2025; Xu et al. 2023] to the projected object. As a result, the

boundary integral is transformed into an interior integral on the

surface, enabling its computation without the need of precisely

locating the discontinuity curves on the PSM.

To adopt the warped-area reparameterization, the key challenge

is to construct an additional smooth velocity field defined on the

PSM. Prior methods design this velocity field for visibility bound-

aries using warped-area sampling (WAS) [Bangaru et al. 2020; Xu

et al. 2023] or walk-on-spheres (WoS) approach [Wu et al. 2025].

However, these methods are difficult to adapt for manifold bound-

aries: extending theWAS requires further interpolation, which leads

to slower convergence and makes it impractical. Meanwhile, the

WoS method is difficult to apply under specular constraints. There-

fore, we propose an efficient and practical approach based on direct
interpolation. Our key observation is that, for a specular path, both

the distances from each vertex to discontinuity curves on its object

and the corresponding velocities are known. This differs from the

case of visibility boundaries, allowing us to avoid sampling-based

interpolation of velocities. Consequently, we directly interpolate the

velocity field using these distances for manifold boundaries. Further-

more, we generalize theWASmethod to handle visibility boundaries

for specular materials. Additionally, we extend our method to glossy

materials, where differentiation on the PSM effectively reduces de-

rivative noise.

We demonstrate the effectiveness of our method through various

experiments of differentiable rendering and inverse optimization

tasks. Our computed derivatives can match the finite difference (FD)

reference well and can successfully drive gradient-based optimiza-

tion tasks like shape and position estimation. In summary, our main

contributions are:

• We propose the projected specular manifold to enable computa-

tion of the boundary integral for specular BSDFs.

• We propose an efficient direct-interpolation-based method to

construct the velocity field for applying the warped-area repa-

rameterization method to the PSM.

• We generalize the WAS method to handle visibility boundaries

on the PSM, and further extend our method to glossy BSDFs.

2 RELATED WORK
In this section, we review the most relevant prior works on handling

discontinuities and specular objects in differentiable rendering.

Differentiable rendering with discontinuities. In differentiable ren-

dering, computing derivatives typically requires handling two terms:

an interior integral and a boundary integral. The interior integral

computes the integral of the differentiated integrand for forward

rendering, while the boundary integral is defined on the discon-

tinuous boundaries, accounting for scene discontinuities like oc-

clusions. Previous methods for addressing the boundary integral

can be mainly divided into two categories: boundary sampling and

reparameterization.

The boundary sampling method directly samples on the bound-

aries for Monte Carlo estimation. Li et al. [2018] propose edge sam-

pling to explicitly sample geometric edges to handle the disconti-

nuities. Zhang et al. [2019] extend edge sampling to support the

radiative transfer equation (RTE). Zhang et al. [2020] introduce

the path space differentiable rendering (PSDR) and evaluate the

boundary integral in boundary path space. PSDR is later extended

to handle volumetric light transport [Zhang et al. 2021b], time-gated

rendering [Wu et al. 2021], transient rendering [Yi et al. 2021], and

discontinuous pixel reconstruction filters [Yu et al. 2022]. Several

works have enhanced the sampling efficiency of edge sampling and

PSDR approaches [Soroka et al. 2025; Xu et al. 2024; Yan et al. 2022;

Zhang et al. 2023]. The boundary sampling method requires addi-

tional sampling on discontinuous curves to evaluate the boundary

integral, which is time-consuming and often relies on additional

guiding data structures to improve sampling efficiency.

The reparameterization method converts the boundary integral

to an interior integral defined on the surfaces, eliminating the need

for extra Monte Carlo integration on the boundaries. Loubet et

al. [2019] apply changes of variables to the boundary integral with

rotations, leading to biased results. Bangaru et al. [2020] use the

divergence theorem to transform the integral and propose the WAS

approach to get unbiased results. Xu et al. [2023] generalize the

WAS method to path integrals, which supports unidirectional and

bidirectional path-sampling techniques. Their method is biased but

consistent. Further, the WoS algorithm is introduced to improve
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the warped-area reparameterization [Wu et al. 2025], resulting in

unbiased estimations.

In addition, many works focus on designing shader programs

to automatically detect discontinuities [Bangaru et al. 2023; Belhe

et al. 2025; Michel et al. 2024; Yang et al. 2022]. Zhou et al. [2021]

present vectorization to achieve differentiable visibility with auto-

matic differentiation or finite differences. Discontinuities in height

fields [Tong et al. 2023] and signed distance fields (SDFs) [Bangaru

et al. 2022; Vicini et al. 2022; Wang et al. 2024] have also been ex-

plored.

However, prior boundary sampling and reparameterization meth-

ods generally assume continuous BSDFs and do not support spec-

ular BSDFs. Moreover, the discontinuities considered in previous

works are mostly step discontinuities, whose derivatives are delta

functions. The differentiation with specular BSDFs involving delta

functions has not been thoroughly explored. Our work extends the

warped-area reparameterization method to support specular objects,

which involve delta functions in the integrals.

Differentiation with specular BSDFs. Zhang et al. [2021a] point

out that differentiable rendering with near-specular surfaces often

suffers from high variance, as the importance sampling strategy for

forward rendering may be not suited for BSDF derivatives. They

propose antithetic sampling to improve sampling efficiency. Belhe

et al. [2024] introduce an importance sampling method for BRDF

derivatives that handles a wide range of complex BRDFs, including

highly specular materials. For complex illumination like caustics,

path guiding is incorporated by Fan et al. [2024] to enable efficient

derivative computation. Multiple importance sampling for differ-

entiable rendering has also been achieved via control variates [Lu

et al. 2025]. However, these approaches mainly focus on the interior

integral and do not handle perfectly specular surfaces.

Zeltner et al. [2021] propose two sampling methods in differ-

entiable rendering: detached sampling and attached sampling. At-

tached sampling can handle specular surfaces with delta functions

and has been used in efficient backpropagation algorithms [Nimier-

David et al. 2020; Vicini et al. 2021]. However, it falls back to de-

tached sampling near geometric boundaries, introducing bias. Xing

et al. [2023] introduce the extended path space manifold (EPSM)

to support differentiation on specular manifolds, which is later en-

hanced by differentiable photon mapping (DPM) [Xing et al. 2024].

However, they do not compute the boundary integral for geometric

discontinuities and instead rely on optimal transport [Xing et al.

2022] to drive geometric changes during optimization. In contrast,

our work presents a method for computing the boundary integral

on specular manifolds. Zhang et al. [2025] propose many-worlds

derivatives, which can handle specular objects. But their method is

mainly designed for optimization and is implemented on occupancy

and orientation fields. Hence, we consider it orthogonal to our work.

3 PRELIMINARIES
In this section, we review the preliminaries for differentiating light

transport integrals. Taking a simple case of direct illumination,

we introduce material-form [Zhang et al. 2020] and warped-area

reparameterizations [Bangaru et al. 2020; Wu et al. 2025; Xu et al.

2023] in Sec. 3.1 and Sec. 3.2, respectively. In Sec. 3.3, we revisit the

Table 1. Commonly used symbols in this paper.

Symbol Definition

Me,Ms,Md Emitter, specular (glossy), and non-specular

(glossy) objects

Be, Bs, Bd Reference surfaces

H Local hemisphere

𝒙 , 𝒙𝑖 Spatial points

𝒙c Constrained spatial point

𝒑, 𝒑𝑖 Material points

𝒒, 𝒒𝑖 Sampled material points

𝒉, 𝒉0 Local half-vector, 𝒉0 = (0, 0, 1)
X(·, 𝜃 ) One-to-one mapping from reference surfaces to

original surfaces

𝐹dir, 𝐹 Contributions of a light path

𝐹dir, 𝐹 Contributions of a light path excluding delta func-

tions or NDFs

𝛿 , 𝐷 Delta function and NDF

𝐼dir, 𝐼 Radiance

𝜃 Scene parameter

S Material-form specular manifold

Sp Projected specular manifold (PSM)

Swa

p
Unoccluded region of the PSM

ΔSp Discontinuity curves on the PSM

ΔSs

p
, ΔSe

p
Manifold boundaries caused by different objects

𝜕Swa

p
Visibility boundaries on the PSM

𝒗s, 𝒗e Velocities on the PSM from different objects

𝒗m Interpolated velocity for manifold boundaries

𝒗 Full velocity considering visibility boundaries

𝒗𝜕 Velocity on discontinuity boundaries

𝑤 Weight function for interpolating 𝒗m
w Spatially varying kernel for velocity interpola-

tion at occlusion boundaries

Reference surface

Occluded

Occluder

Fig. 2. Left: one-bounce light transport with an occluder and an emitter
Me (𝜃 ) . Right: after applying the material-form reparameterization toMe

with an one-to-one mapping X( ·, 𝜃 ) , the integration domain is converted to
the reference surface Be. Be is static, while the visibility boundaries still
depends on 𝜃 .

definition of the EPSM. Table 1 presents a list of commonly used

symbols and their definitions.
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(a) Object boundaries (b) Normal boundaries (c) Visibility boundaries

Fig. 3. Types of geometric boundaries: (a) object, (b) normal, and (c) visibility.

We first revisit the case of direct illumination (i.e., one-bounce

light transport). We consider a simple scene with a surfaceM and a

light sourceMe, where the latter depends on the parameter 𝜃 . Then

given two static points 𝒙0 and 𝒙1, the radiance leaving 𝒙1 toward
𝒙0 can be calculated as (Fig. 2):

𝐼dir (𝒙1 → 𝒙0) =
∫
Me (𝜃 )

𝐿e (𝒙1, 𝒙2) 𝑓s (𝒙0, 𝒙1, 𝒙2)𝐺 (𝒙1, 𝒙2)𝑑𝐴(𝒙2),

(1)

where 𝐿e is the source emission, 𝑓s is the BSDF, and 𝐺 is the geom-

etry term. To compute the derivatives of 𝐼dir with respect to 𝜃 , we

introduce material-form and warped-area reparameterizations.

Types of discontinuity curves. Previous works [Zhang et al. 2020,
2019] assume that 𝐿e (𝒙1, 𝒙2) 𝑓s (𝒙0, 𝒙1, 𝒙2) is continuous with respect
to 𝒙2 in the interior ofMe (𝜃 ). Consequently, all discontinuities arise
from geometry and can be classified into three categories (Fig. 3): (i)

object boundaries; (ii) normal boundaries where the surface normals

are discontinuous; (iii) visibility boundaries caused by occlusion.

3.1 Material-Form Reparameterization
In Eqn. (1), the integration domainMe depends on 𝜃 . Consequently,

when differentiating the integral, the object boundaries 𝜕Me (𝜃 ) and
normal boundaries onMe must be taken into account. Zhang et

al. [2020] introduce the material-form reparameterization to elimi-

nate them from the boundary integral. They propose finding a fixed

reference surface Be and defining a differentiable one-to-one map-

ping X(·, 𝜃 ) that maps Be toMe (𝜃 ). Following their definition, we
refer to 𝒑 ∈ Be as a material point and 𝒙 ∈ Me (𝜃 ) as a spatial
point to distinguish points on different surfaces. Then Eqn. (1) can

be transformed to an integral over Be:

𝐼dir =

∫
Be

𝐿e (𝒙1, 𝒙2) 𝑓s (𝒙0, 𝒙1, 𝒙2)𝐺 (𝒙1, 𝒙2) 𝐽 (𝒑2
, 𝜃 )︸                                                ︷︷                                                ︸

=:𝐹
dir
(𝒙0,𝒙1,𝒙2,𝜃 )

𝑑𝐴(𝒑
2
), (2)

where 𝒙2 = X(𝒑
2
, 𝜃 ). 𝐽 is the Jacobian determinant derived from X:

𝐽 (𝒑, 𝜃 ) :=




𝑑𝐴(𝒙)𝑑𝐴(𝒑)





 = 



𝑑𝐴(X(𝒑, 𝜃 ))𝑑𝐴(𝒑)





 . (3)

For brevity, we write 𝐹dir (𝒙0, 𝒙1, 𝒙2, 𝜃 ) as 𝐹dir (𝒑) with 𝒑 = 𝒑
2
∈ Be.

Then the derivative of the material-form integral can be obtained via

Reynolds transport theorem [Cermelli et al. 2005; Reynolds 1969]:

𝜕𝐼dir

𝜕𝜃
=

interior∫
Be

𝜕𝐹dir (𝒑)
𝜕𝜃

𝑑𝐴(𝒑) +

boundary∫
ΔBe

Δ𝐹dir (𝒑)𝑉Δ (𝒑)𝑑𝑙 (𝒑) . (4)

ΔBe contains the discontinuity curves of 𝐹dir within Be. Since Be
is independent of 𝜃 , its object and normal boundaries are not in-

cluded in ΔBe. Furthermore, under the assumption that 𝐿e and 𝑓s are

continuous, discontinuities are only caused by occlusions between

𝒙1 and 𝒙2 (Fig. 2). For the integrand of the boundary integral, by

assuming that the curve normal 𝒏𝜕 on discontinuity boundaries

points toward the occluded side, we have:

Δ𝐹dir (𝒑) = 𝐹dir (𝒑),
𝑉Δ (𝒑) = 𝒏𝜕 (𝒑) · 𝒗𝜕 (𝒑),

(5)

where 𝒗𝜕 (𝒑) is the velocity of the boundary point 𝒑 regarding 𝜃 .

3.2 Warped-Area Reparameterization
To calculate the boundary integral in Eqn. (4), the warped-area

reparameterization [Bangaru et al. 2020; Wu et al. 2025; Xu et al.

2023] is proposed to convert the line integral on discontinuity curves

to an area integral on Be. By using the divergence theorem, the

boundary integral can be transformed as∫
ΔBe
(Δ𝐹dir𝒗𝜕 · 𝒏𝜕) (𝒑)𝑑𝑙 (𝒑) =

∫
Bwa
e

∇ · (𝐹dir𝒗) (𝒑)𝑑𝐴(𝒑), (6)

where Bwa

e
⊆ Be is the region visible from 𝒙1 (see Fig. 2). 𝒗 is a

smooth velocity fieldwith 𝒗 (𝒑) = 𝒗𝜕 (𝒑) for𝒑 ∈ 𝜕Bwa

e
. Interpolating

𝒗 is the key challenge of the warped-area reparameterization.

Xu et al. [2023] employ a two-step process to construct the veloc-

ity field 𝒗. They first define a discontinuous velocity field 𝒗dis on Be
such that 𝒗dis (𝒑) = 𝒗𝜕 (𝒑) for 𝒑 ∈ 𝜕Bwa

e
. Then they compute 𝒗 by

interpolating 𝒗dis smoothly with a spatially varying kernel w:

𝒗 (𝒑) =

∫
Be w(𝒒;𝒑)𝒗

dis (𝒒)𝑑𝐴(𝒒)∫
Be w(𝒒;𝒑)𝑑𝐴(𝒒)

,

w(𝒒;𝒑) = 1

𝑑 (𝒒;𝒑) + 𝐵(𝒒) ,
(7)

where 𝑑 (𝒒;𝒑) is the distance function that tends to 0 as 𝒒 ap-

proaches 𝒑, and 𝐵(𝒒) is the boundary-test function that satisfies

𝐵(𝒒) → 0 as 𝒒→ 𝜕Bwa

e
. In practice, 𝒗 is estimated via Monte Carlo

sampling. For each 𝒑 ∈ Be, they sample a set of points 𝒒 around 𝒑
and compute 𝒗 by a Monte Carlo estimator. Since the expectation

E[1/𝑓 ] ≠ 1/E[𝑓 ], the resulting estimate is biased.

Finally, for 𝒑 ∉ Bwa

e
, we have ∇· (𝐹dir𝒗) (𝒑) = 0. Then the integral

in Eqn. (6) can be extended from Bwa

e
to Be. The full derivative of

𝐼dir can be calculated as:

𝜕𝐼dir

𝜕𝜃
=

interior∫
Be

(
𝜕𝐹dir (𝒑)

𝜕𝜃
+ ∇ · (𝐹dir𝒗) (𝒑)

)
𝑑𝐴(𝒑) . (8)

3.3 Extended Path Space Manifolds
Xing et al. [2023] define EPSMs to calculate derivatives with difficult

light transport problems. A length-𝑛 light path can be expressed as

𝒙 = 𝒙0𝒙1 . . . 𝒙𝑛 , where 𝒙0 is the position of the eye (camera), 𝒙𝑖 is
the path vertex on surface for 1 ≤ 𝑖 ≤ 𝑛 − 1, and 𝒙𝑛 is on the light.

They find that 𝑛+1 constraint functions, which matches the number

of path vertices, can be incorporated during differentiation. With
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the constraint functions 𝑪 = [𝒄1 (𝒙, 𝜃 ), 𝒄2 (𝒙, 𝜃 ), . . . , 𝒄𝑛+1 (𝒙, 𝜃 )], the
EPSM is defined as

{(𝒙, 𝜃 ) |𝒙 ∈ R2(𝑛+1) , 𝜃 ∈ R𝑚, 𝑪 (𝒙, 𝜃 ) = 0}. (9)

The geometric derivative of the light path can be computed under

constraints:

𝜕𝒙

𝜕𝜃
= −

(
𝜕𝑪

𝜕𝒙

)−1
· 𝜕𝑪
𝜕𝜃

. (10)

Constraint functions. Xing et al. [2023] introduce several types of

constraint functions.

(1) Fixed position constraint. For the camera point 𝒙0 or point light,
this constraint is a 3D constraint that fixes the position of 𝒙0.
Xing et al. [2024] propose that the material-form reparameteri-

zation is also a 2D fixed position constraint. AssumingMe (𝜃 )
is a triangle mesh, the one-to-one mapping X can be defined by

preserving the local barycentric coordinates from 𝒑 to 𝒙 on the

corresponding triangles containing them.

(2) Half-vector constraint. It fixes the local half-vector of the incom-

ing and outgoing ray directions:

𝒉(𝒙0, 𝒙1, 𝒙2, 𝜃 ) = 𝒉(−−−→𝒙1𝒙0,
−−−→𝒙1𝒙2, 𝜃 ) = const, (11)

where 𝒉 is the local half-vector at 𝒙1. Since 𝒉 is a normalized

vector, this constraint is actually two-dimensional.

EPSMs for specular materials. We apply the half-vector constraint

at 𝒙1 and let

𝒙2 = 𝐻 (𝒙0, 𝒙1,𝒉, 𝜃 ) (12)

where 𝐻 denotes the intersection point of Me and the reflected

or refracted ray determined by 𝒙0, 𝒙1 and 𝒉. Then performing dif-

ferentiation under the half-vector constraint corresponds to the

geometric constraint arising from the delta function. However, we

notice that for a light path with 𝑛 + 1 vertices, only 𝑛 + 1 constraints
can be defined. This implies that if we apply the half-vector con-

straint at 𝒙1, the material-form reparameterization (i.e., the fixed

position constraint) cannot be used. Consequently, the object and

normal boundaries ofMe need to be considered in the boundary

integral. But the computation of such boundary integrals has not

been addressed in previous works.

4 DIFFERENTIATING INTEGRALS WITH SPECULAR
BSDFS

In this section, we propose our method for differentiating integrals

involving specular BSDFs with delta functions. In Sec. 4.1, we start

from two-bounce light transport as our simple case, which differs

from previous approaches that start from direct illumination, and

propose the definition of our PSM. To compute the boundary integral

on PSM, we propose a direct-interpolation-based method in Sec. 4.2.

Then we handle the visibility boundaries on PSM in Sec. 4.3, and

generalize our method to path integrals in Sec. 4.4.

One-bounce light transport. We assume that 𝒙1 locates on a spec-

ular surfaceMs (Fig. 4) and the BSDF 𝑓s contains a delta function.

For BSDFs that contain multiple delta functions, such as dielectric

BSDFs, we handle them separately in the integration. Furthermore,

we assume that discontinuities in 𝑓s only arise from delta functions,

Specular

Fig. 4. One-bounce light transport with a specular surface. The light path
𝒙0𝒙1𝒙2 is constrained by the local half-vector 𝒉.

Specular Reference surface

Fig. 5. Left: two-bounce light transport as our simple case with the specular
surface Ms. The integrand is discontinuous on Ms while being nonzero
only on a subregion. Right: the PSM Sp is defined on the reference surface
Bs by projectingMe onto Bs under geometric constraints.

and that the light sources are continuous. Then the material-form

integral in Eqn. (2) can be written as:

𝐼dir =

∫
Be

𝐹dir (𝒙0, 𝒙1, 𝒙2, 𝜃 )𝑑𝐴(𝒑2
)

=

∫
Be

𝛿 (𝒉(𝒙0, 𝒙1, 𝒙2, 𝜃 ) − 𝒉0)𝐹dir (𝒙0, 𝒙1, 𝒙2, 𝜃 )𝑑𝐴(𝒑2
)

= 𝐹dir (𝒙0, 𝒙1, 𝒙c2, 𝜃 ),

(13)

where 𝒙c
2
= 𝐻 (𝒙0, 𝒙1,𝒉0, 𝜃 ) with the function 𝐻 define in Eqn. (12),

𝒑c

2
is the corresponding material point, and 𝒉0 = (0, 0, 1)𝑇 . Due to

the presence of the delta function, the derivative can be computed

directly as the single integral degenerates.

However, since the delta function introduces high-order discon-
tinuities1, 𝐼dir (𝒙1 → 𝒙0) can be discontinuous for 𝒙1 ∈ Ms (Fig. 5).

Then for the integral of 𝐼dir overMs, 𝐼dir introduces a unique type of

discontinuity curve arising from the delta function. Therefore, we

begin with two-bounce light transport as our simple case to handle

the discontinuities caused by specular BSDFs.

4.1 Differentiating Two-bounce Light Transport
As shown in Fig. 5, we consider the light path 𝒙0𝒙1𝒙2𝒙3 with 𝒙0
and 𝒙1 fixed. 𝒙2 locates on a specular objectMs and 𝒙3 is on the

1
The Dirac delta function 𝛿 in R𝑛

belongs to the Sobolev space H
−𝑠 (R𝑛 ) for 𝑠 >

𝑛/2 [Adams and Fournier 2003].
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emitterMe. The two-layer material-form integral for two-bounce

light transport can be written as:

𝐼 (𝒙1 → 𝒙0) =
∫
Bs

∫
Be

𝐹 (𝒙0, 𝒙1, 𝒙2, 𝒙3, 𝜃 )𝑑𝐴(𝒑3
)𝑑𝐴(𝒑

2
), (14)

where 𝐹 represents the contribution of the light path. Due to the

presence of the delta function, we get

𝐼 =

∫
Bs

∫
Be

𝛿 (𝒉 − 𝒉0)𝐹 (𝒙0, 𝒙1, 𝒙2, 𝒙3, 𝜃 )𝑑𝐴(𝒑3
)𝑑𝐴(𝒑

2
)

=

∫
S
𝐹𝑠 (𝒙0, 𝒙1,𝒑, 𝜃 )𝑑𝐴(𝒑).

(15)

The original double integral is reduced to a single integral on the

material-form specular manifold S:
S = S(𝒉0, 𝜃 ; 𝒙1) :={𝒑2

∈ Bs,𝒑3
∈ Be | Corresponding spatial

points (𝒙2, 𝒙3) satisfy 𝒉(−−−→𝒙2𝒙1,
−−−→𝒙2𝒙3, 𝜃 ) = 𝒉0},

(16)

and the function 𝐹𝑠 accounts for the integrand with the Jacobian

determinant included. Then we can get the derivative of 𝐼 :

𝜕𝐼

𝜕𝜃
=

interior∫
S

𝜕𝐹𝑠

𝜕𝜃
𝑑𝐴(𝒑) +

boundary∫
ΔS

Δ𝐹𝑠𝑉Δ𝑑𝑙 (𝒑) , (17)

where ΔS contains the discontinuity curves of 𝐹𝑠 .

Challenge of locatingΔS. In Eqn. (17), the derivative is not directly
computable, since S is defined as an abstract manifold and not

represented explicitly. Computing the boundary integral requires

sampling on ΔS and then finding the corresponding valid light

paths on the specular manifold. Although some previous manifold

exploration methods [Jakob and Marschner 2012] can find valid

specular paths on the specular manifold, they cannot guarantee that

such paths lie exactly on the discontinuity curves. Therefore, they

cannot be directly applied to locate ΔS.

Key insight. To compute the integrals in Eqn. (17), we first need

to make the integration domains computable. We observe that S
is a 2D manifold, which is formed by two 2D surfaces Bs and Be
under a two-dimensional constraint. Therefore, we can define S
as a subregion of Bs or Be. We propose our projected specular
manifold (PSM), which is defined by projectingMe on Bs under
half-vector constraint:

Sp = Sp (𝒉0, 𝜃 ; 𝒙1) := {𝒑2
∈ Bs | ∃𝒙3 ∈ Me,

s.t. 𝒉(−−−→𝒙2𝒙1,
−−−→𝒙2𝒙3, 𝜃 ) = 𝒉0 with 𝒙2 = X(𝒑

2
, 𝜃 )}.

(18)

Our formulation. With the PSM, we have

𝐼 =

∫
S
𝐹𝑠 (𝒙0, 𝒙1,𝒑, 𝜃 )𝑑𝐴(𝒑) =

∫
Bs

𝐹 (𝒙0, 𝒙1,𝒑2
, 𝜃 )𝑑𝐴(𝒑

2
) . (19)

Here for brevity, we use the same symbol 𝐹 defined as:

𝐹 (𝒙0, 𝒙1,𝒑2
, 𝜃 ) =

{
𝐹 (𝒙0, 𝒙1, 𝒙2, 𝒙c

3
, 𝜃 ), 𝒑

2
∈ Sp ⊆ Bs,

0, 𝒑
2
∈ Bs\Sp .

(20)

Note that the Jacobian factor from Eqn. (15) to Eqn. (19) reduces to

unity. Then we can transform the integration domain in Eqn. (17)

to Bs, obtaining the derivative:

𝜕𝐼

𝜕𝜃
=

interior∫
Bs

𝜕𝐹

𝜕𝜃
𝑑𝐴(𝒑

2
) +

boundary∫
ΔSp

Δ𝐹𝑉Δ𝑑𝑙 (𝒑2
) . (21)

The interior integral can be computed using automatic differen-

tiation (AD). For the boundary integral, we need to consider the

discontinuity curves of 𝐹 on Bs. In addition to visibility boundaries,

object boundaries and normal boundaries of Bs and Be also need

to be considered. We refer to these two types of boundaries as the

manifold boundaries, and use ΔSs

p
and ΔSe

p
to represent the man-

ifold boundaries on Sp formed by Bs andMe, respectively. Further,

we represent the visibility boundaries as 𝜕Swa

p
, where

Swa

p
:= {𝒑

2
∈ Sp | −−−→𝒙2𝒙1 and

−−−→𝒙2𝒙3 are both visible}. (22)

Then ΔSp = ΔSs

p
∪ ΔSe

p
∪ 𝜕Swa

p
. The boundaries ΔSe

p
and 𝜕Swa

p

cannot be eliminated by the material-form reparameterization, as

they are determined bymultiple objects under geometric constraints.

In the following sections, we introduce our solution for computing

the boundary integral.

4.2 Boundary Integral on Manifold Boundaries
We first assume that ΔSp only contains manifold boundaries, and

leave visibility boundaries to Sec. 4.3. Then ΔSp = ΔSs

p
∪ ΔSe

p
. Fur-

thermore, as shown in Fig. 5, we observe that Sp is partitioned by

discontinuity boundaries into several subregions, and 𝐹 is contin-

uous in the interior of each subregion. The integral over Sp can

be expressed as the sum of integrals over these subregions. There-

fore, without loss of generality, we assume that Sp is one of these
subregions. Then we have 𝐹 (𝒑) = 0 for 𝒑 ∈ Bs\Sp and Δ𝐹 = 𝐹 .

4.2.1 Warped-area reparameterization. Existing methods for com-

puting the boundary integral mainly include boundary sampling [Li

et al. 2018; Soroka et al. 2025; Yan et al. 2022; Zhang et al. 2020, 2023]

and reparameterization [Bangaru et al. 2020; Loubet et al. 2019; Wu

et al. 2025; Xu et al. 2023]. The former requires additional sampling

on discontinuity boundaries. But sampling valid boundary paths

under geometric constraints is challenging in our case, and some

approaches rely on guiding data structures. Therefore, we choose

to adopt the warped-area reparameterization method to convert the

boundary integral into the interior integral. We start by applying

the divergence theorem:∫
ΔSp

Δ𝐹𝑉Δ𝑑𝑙 (𝒑2
) =

∫
Sp
∇ · (𝐹𝒗m)𝑑𝐴(𝒑2

). (23)

The variable 𝒗m denotes a smooth velocity field on Sp such that

𝒗m (𝒑) = 𝒗𝜕 (𝒑) for 𝒑 ∈ ΔSp.
The key for computing Eqn. (23) is to construct the velocity field

𝒗m. As shown in Fig. 6, ΔSp consists of ΔSs

p
and ΔSe

p
. 𝒗m needs to
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Fig. 6. Left: interpolating the velocity field on Sp requires considering differ-
ent velocities on boundaries arising from different objects. Right: heatmap
of our weight function 𝑤 varying with 𝐵 (𝒑,ΔSsp ) and 𝐵 (𝒑,ΔSep ) at 𝑘 = 6.

be smooth
2
and satisfy:

𝒗m (𝒑) = 𝒗𝜕
s
(𝒑) = 0 on ΔSs

p
,

𝒗m (𝒑) = 𝒗𝜕
e
(𝒑) on ΔSe

p
,

(24)

where 𝒗𝜕
e
is the velocity on Bs computed under geometric con-

straints like Eqn. (10). More details are provided in the supplemental

material. Then we need to design 𝒗m to satisfy the above conditions.

Sampling-based solution. A straightforward approach to comput-

ing the velocity field 𝒗m is to extend the previous WAS method [Ban-

garu et al. 2020; Xu et al. 2023]. We adapt this framework to our

PSM to obtain a sampling-based solution. Specifically, we sample

auxiliary rays around a valid light path, trace them under the spec-

ular constraints, and compute the corresponding velocity field via

Monte Carlo estimation. However, we observe that the velocity com-

putation further involves interpolation using velocities and weights

from multiple objects. This added complexity leads to slower con-

vergence, which is validated in Fig. 15. The detailed formulation is

provided in the supplemental material.

Moreover, other methods such asWoS [Wu et al. 2025] are difficult

to apply in our case, because we cannot easily know the location

of ΔSp, and thus cannot obtain the distance from 𝒑 ∈ Bs to ΔSp.
Hence, our aim is to find a more efficient and practical method.

Our solution. We observe that the WAS method relies on Monte

Carlo estimation because information about the occluder cannot

be directly accessed by a valid light path. Specifically, for a light

path that does not hit the occluder, the distance from the path to

the occluder and the corresponding velocity are unknown. Conse-

quently, it needs to sample around the light path to find the occluder.

However, in our case, the velocity fields from different objects on the

PSM are already known, which motivates us to design a more direct

way to interpolate 𝒗m. Therefore, we introduce a direct-interpolation-
based solution.

4.2.2 Direct-interpolation-based solution for constructing velocity.
We propose a more practical and efficient way to obtain 𝒗m (𝒑) by
direct interpolation instead of relying on Monte Carlo estimation:

𝒗m (𝒑) :=𝑤 (𝒑)𝒗e (𝒑) + (1 −𝑤 (𝒑))𝒗s (𝒑), (25)

2𝒗m needs to be differentiable almost everywhere except on a set of measure zero.

where𝑤 is the weight function satisfying:

𝑤 (𝒑) = 0 on ΔSs

p
,

𝑤 (𝒑) = 1 on ΔSe

p
.

(26)

𝒗s = 0 and 𝒗e are velocity fields on Bs, where 𝒗e results from map-

ping the velocity field onMe to Bs under geometric constraints,

and 𝒗e = 𝒗𝜕
e
on ΔSe

p
.

Weight function. An intuitive observation is that𝑤 needs to be

designed based on the distances from 𝒑 to ΔSs

p
and ΔSe

p
. Although

such exact distances are unknown, we find that a function can be

designed to measure how far 𝒑 is from ΔSe

p
and ΔSs

p
. We choose

to rely on the boundary-test function used in Eqn. (7). Then we

define the weight function𝑤 as:

𝑤 (𝒑) :=
𝐵𝑘 (𝒑,ΔSs

p
)

𝐵𝑘 (𝒑,ΔSs

p
) + 𝐵𝑘 (𝒑,ΔSe

p
)
, (27)

where 𝑘 is a user-defined parameter. 𝑤 satisfies the conditions in

Eqn. (26). We set 𝑘 = 6 which works well in practice. More types of

weight functions and comparisons are provided in the supplemental

material. 𝐵 is the boundary-test function defined below.

Boundary-test function. For a material point 𝒑
2
corresponding

to a light path segment 𝒙1𝒙2 (𝒑2
)𝒙3 (𝒑2

) and its material-form path

𝒑
1
𝒑
2
𝒑
3
, we define the boundary-test functions as:

𝐵(𝒑
2
,ΔSe

p
) :=min

(
𝐵o (𝒑3

,Be), 𝐵n (𝒑3
,Be), 𝐵t (𝒑2

,𝒑
3
,Be)

)
,

𝐵(𝒑
2
,ΔSs

p
) :=min

(
𝐵o (𝒑2

,Bs), 𝐵n (𝒑2
,Bs), 𝐵t (𝒑1

,𝒑
2
,Bs)

)
,

(28)

where 𝐵o, 𝐵n and 𝐵t are boundary-test functions for different types

of boundaries:

(1) 𝐵o (𝒑,B) computes the shortest distance from 𝒑 to the open

boundary of B containing 𝒑. If B is closed, 𝐵o equals +∞. For
open triangle meshes, we precompute the shortest distance

from each vertex to the open boundary and interpolate them

for points inside a triangle during computation for efficiency.

(2) 𝐵n (𝒑,B) calculates the shortest distance from 𝒑 to the edges

of B where the normal jumps discontinuously. If B has smooth

normal, 𝐵n equals +∞.
(3) 𝐵t (𝒑𝑖 ,𝒑𝑖+1,B) measures how close 𝒑𝑖+1 is to the object bound-

ary based on whether
−−−−−→𝒑𝑖𝒑𝑖+1 is tangent to the normal at 𝒑𝑖+1:

𝐵t (𝒑𝑖 ,𝒑𝑖+1,B) =
��−−−−−→𝒑𝑖𝒑𝑖+1 · 𝒏(𝒑𝑖+1)

�� . (29)

Then it can be proved that 𝒑 ∈ ΔSp is equivalent to 𝐵(𝒑,ΔSe

p
) ·

𝐵(𝒑,ΔSs

p
) = 0 (proof in the supplementary).

4.2.3 Full differentiation. Now we have the interpolated velocity

field 𝒗m. With 𝒗s = 0, the integrand in Eqn. (23) becomes

∇ · (𝐹𝒗m) = ∇𝐹 · (𝑤𝒗e) + 𝐹∇𝑤 · 𝒗e + 𝐹𝑤∇ · 𝒗e, (30)

where ∇𝑤 and ∇ · 𝒗e can be computed by AD. More details can be

found in the supplemental material. Since 𝐹 (𝒑) = 0 for 𝒑 ∈ Bs\Sp,
we can extend the integration domain to Bs and get:∫

ΔSp
Δ𝐹𝑉Δ𝑑𝑙 (𝒑2

) =
∫
Bs
∇ · (𝐹𝒗m)𝑑𝐴(𝒑2

), (31)

which can be merged into the interior integral in Eqn. (17), obtain-

ing our complete differentiation result. Algorithm 1 provides more
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ALGORITHM 1: Compute the interior and manifold boundary inte-

grals for a light path under the two-bounce case.

Input: A light path 𝒙0𝒙1𝒙2𝒙3 with 𝒙2 onMs and 𝒙3 onMe. 𝒑2
is

the material point of 𝒙2 on Bs.
Output: The derivative 𝑑𝐼 consisting of the interior and manifold

boundary integrals.

1 begin
2 Compute the contribution 𝐹 of the light path;

3 Compute 𝑑𝐹/𝑑𝜃 and ∇𝐹 (𝒑
2
) using AD;

4 𝑑𝐼 ← 𝑑𝐹/𝑑𝜃 ;
5 Compute 𝐵 (𝒑

2
,ΔSs

p
) and 𝐵 (𝒑

2
,ΔSe

p
) ;

6 𝑤 ← 𝐵𝑘 (𝒑
2
,ΔSs

p
)/(𝐵𝑘 (𝒑

2
,ΔSs

p
) + 𝐵𝑘 (𝒑

2
,ΔSe

p
) ) ;

7 Compute ∇𝑤 (𝒑
2
) , 𝒗e (𝒑2

) and ∇ · 𝒗e (𝒑2
) using AD;

8 𝒗m ← 𝑤𝒗e;

9 ∇ · 𝒗m ← ∇𝑤 · 𝒗e + 𝑤∇ · 𝒗e;
10 𝑑𝐼 ← 𝑑𝐼 + ∇𝐹 · 𝒗m + 𝐹∇ · 𝒗m;
11 return 𝑑𝐼 ;

12 end

Ordinary FD reference Ours Difference
-5.0

5.0

Fig. 7. We validate our method by comparing its computed derivatives
under high (1024) samples per pixel (spp) with FD reference. We only show
the derivatives on specular mirrors. Our method matches the FD reference
well. Note that the observed difference comes from both the numerical error
of the FD reference and the bias of our method.

Occluder

Sample area

Reference surface

Fig. 8. Illustration of occlusion on the PSM. To compute the velocity of
visibility boundaries on Sp, we sample around 𝒑

2
and trace rays under

geometric constraints to locate the occluder.

details about the full differentiation. Our method matches the FD

reference across different types of boundaries as shown in Fig. 7

and Sec. 6.

4.3 Boundary Integral on Visibility Boundaries
Now we handle the visibility boundaries 𝜕Swa

p
on the PSM. For this,

we leverage the WAS method. By applying the divergence theorem,

we have: ∫
ΔSp

Δ𝐹𝑉Δ𝑑𝑙 (𝒑2
) =

∫
Swa
p

∇ · (𝐹𝒗)𝑑𝐴(𝒑
2
). (32)

The key difference from previous WAS work is that we need to

compute the velocity of visibility boundaries on the PSM. Since

there is already a velocity field 𝒗m for manifold boundaries, we

need to further interpolate the visibility boundary velocity and 𝒗m.
We follow the two steps proposed by Xu et al. [2023] to design 𝒗:
defining a discontinuous velocity field 𝒗dis, and smoothing 𝒗dis.

Constructing 𝒗dis. We construct a discontinuous velocity field 𝒗dis

on Sp (Fig. 8):

𝒗dis (𝒑) = 0 for 𝒑 ∈ Swa

p
,

𝒗dis (𝒑) = 𝒗vis (𝒑) − 𝒗m (𝒑) for 𝒑 ∈ Sp\Swa

p
,

(33)

where 𝒗vis is the velocity of the occluder on Sp. We find that in

this case, occlusion may occur both from 𝒙1 toMs and fromMs

toMe, which we represent as S𝒙1𝒙2
p

and S𝒙2𝒙3
p

respectively. Then

Sp\Swa

p
= S𝒙1𝒙2

p
∪ S𝒙2𝒙3

p
, and 𝒗vis needs to be constructed with

velocity fields 𝒗𝒙1𝒙2
vis

and 𝒗𝒙2𝒙3
vis

. We choose to define 𝒗vis using the

velocity from the first occluder encountered by the occluded ray.

The detailed computation is provided in the supplemental material.

Smoothing 𝒗dis. We smooth 𝒗dis and get the full velocity as:

𝒗 (𝒑) := 𝒗m (𝒑) +

∫
Sp w(𝒒;𝒑)𝒗

dis (𝒒)𝑑𝐴(𝒒)∫
Sp w(𝒒;𝒑)𝑑𝐴(𝒒)

, (34)

where w(𝒒;𝒑) is a spatially varying kernel which behaves like a

delta function for 𝒑 ∈ 𝜕Swa

p
. We follow the design of w in Xu et

al.’s [2023] work:

w(𝒒;𝒑) := 1

𝑑 (𝒒;𝒑) + 𝐵vis (𝒒)
, (35)

where 𝑑 (𝒒;𝒑) is a non-Euclidean distance function defined as:

𝑑 (𝒒;𝒑) :=
(
𝑟0

𝜎0

(
1 − exp

(
− ||𝒒 − 𝒑 | |

2

𝑟0𝜎0

)))𝑎
, (36)

where 𝑟0 = | |𝒙1 − 𝒙2 | | (Fig. 8), 𝑎 and 𝜎0 are user-defined parameters.

We follow the choices of Xu et al. [2023] to set 𝑎 = 3 and 𝜎0 = 0.006.

𝐵vis is the boundary-test function for visibility boundaries, which is

also computed from the first occluded path segment.

Sampling on PSM. For a valid path corresponding to some point

𝒑 ∈ Sp, we need to sample around 𝒑 to compute Eqn. (34). We adopt

the same sampling strategy as Xu et al.’s [2023] work. Please refer to

their work for more details. Then as shown in Fig. 8, for a sampled

point 𝒒 ∈ Bs around 𝒑, we need to trace a reflected or refracted ray

beginning at 𝒒 to check whether 𝒒 is located on Sp and Swa

p
. We

provide an algorithm about calculating 𝒗 (𝒑) under the two-bounce
case in Algorithm 2.

4.4 Differential Path Integral with PSMs
Specular chain. Now we consider the light path 𝒙−1𝒙0 . . . 𝒙𝑛+1

which involves more specular objects as shown in Fig. 9. 𝒙−1 and
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ALGORITHM 2: Construct the velocity 𝒗 and ∇ · 𝒗.
Input: A light path segment 𝒙0𝒙1𝒙2𝒙3 with 𝒙2 onMs. 𝒙3 is on a

non-specular objectMd. 𝒑2
is the material point of 𝒙2 on the

reference surface Bs.
Output: 𝒗 (𝒑

2
) and ∇ · 𝒗 (𝒑

2
)

1 begin
2 𝑊 ← 0; ∇𝑊 ← 0;
3 𝒗̃ ← 0; ∇ · 𝒗̃ ← 0;

4 Compute 𝒗m (𝒑2
) , ∇ · 𝒗m (𝒑2

) ;
5 for 𝑖 = 1 to 𝑁𝑞 do
6 Sample 𝒒𝑖 around 𝒑2

with pdf and get 𝒚𝑖 = X(𝒒𝑖 , 𝜃 ) ;
7 Get the next ray located at 𝒚𝑖 with specular constraint;

8 if the next ray cannot hitMd then
9 continue;

10 Get the intersection 𝒚𝑖,d onMd;

11 Compute 𝒗m (𝒒𝑖 ) ;
12 if 𝒙0𝒙1𝒚𝑖𝒚𝑖,d is occluded then
13 Compute 𝒗vis (𝒒𝑖 ) , w and ∇w;
14 𝑊 ←𝑊 +w/pdf;
15 ∇𝑊 ← ∇𝑊 + ∇w/pdf;
16 𝒗dis ← 𝒗vis (𝒒𝑖 ) − 𝒗m (𝒒𝑖 ) ;
17 𝒗̃ ← 𝒗̃ +w𝒗dis/pdf;
18 ∇ · 𝒗̃ ← ∇ · 𝒗̃ + ∇w · 𝒗dis/pdf;
19 end
20 𝒗 ← 𝒗m (𝒑2

) + 𝒗̃/𝑊 ;

21 ∇ · 𝒗 ← ∇ · 𝒗m (𝒑2
) + ∇ · 𝒗̃/𝑊 − ∇𝑊 · 𝒗̃/𝑊 2

;

22 return 𝒗, ∇ · 𝒗;
23 end

Fig. 9. For a specular chain, we define the PSM on the reference surface of
the first specular surface. The boundary velocity is influenced by all objects
in the chain.

𝒙0 are fixed. 𝒙1, . . . , 𝒙𝑛 lie on specular surfacesMs,𝑖 , 𝑖 = 1, 2, . . . , 𝑛,

respectively, and 𝒙𝑛+1 lies on a non-specular objectMd. We have:

𝐼 (𝒙0 → 𝒙−1)

=

∫
Bs,1
· · ·

∫
Bs,𝑛

∫
B
d

(
𝑛+1∏
𝑖=2

𝛿 (𝒉𝑖 − 𝒉0)
)
𝐹𝑑𝐴(𝒑𝑛+1) . . . 𝑑𝐴(𝒑1

),

=

∫
S
𝐹𝑠𝑑𝐴(𝒑1

),

(37)

where 𝐹 and 𝐹𝑠 represent the contributions of the light path on

their respective integral domains, excluding the delta functions.

The variable Bd denotes the reference surface ofMd, and 𝒉𝑖 is the
local half-vector at 𝒙𝑖 . We find that the 𝑛 delta functions reduce

the multiple integral to a single integral over the two dimensional

specular manifold. Then we choose to define the PSM on the first

specular reference surface Bs,1:

𝐼 (𝒙0 → 𝒙−1) =
∫
Sp

𝐹𝑑𝐴(𝒑
1
) =

∫
Bs,1

𝐹𝑑𝐴(𝒑
1
). (38)

By applying our method, we can compute the boundary integral on

manifold boundaries by interpolating the velocity field:

𝒗m (𝒑) :=
𝑛+1∑︁
𝑖=1

𝑤𝑖 (𝒑)𝒗m,𝑖 (𝒑),

𝑤𝑖 (𝒑) =
{
1 on ΔS𝑖

p
,

0 on ΔS 𝑗
p
for 𝑗 ≠ 𝑖,

(39)

where ΔS𝑖
p
is the manifold boundaries on Bs,1 resulting from the

boundaries of Ms,𝑖 (see Fig. 9). 𝒗m,𝑖 is the velocity field on Bs,1
mapped fromMs,𝑖 .Ms,𝑛+1 denotesMd. We can extend our weight

function as:

𝑤𝑖 (𝒑) :=
∏

1≤ 𝑗≤𝑛+1
𝑗≠𝑖

𝐵𝑘 (𝒑,ΔS 𝑗
p
)

𝐵𝑘 (𝒑,ΔS𝑖
p
) + 𝐵𝑘 (𝒑,ΔS 𝑗

p
)
. (40)

With visibility boundaries, the full velocity can be extended in the

form of Eqn. (34).

PSM in path integral. For general path integrals, non-specular

objects can separate the integration into individual specular path

segments. We can define the corresponding PSM for each specu-

lar path segment. Our method applies to both unidirectional and

bidirectional estimators. We design unidirectional and bidirectional

estimators in a similar way as Xu et al.’s [2023] work, with the differ-

ence that we need to perform sampling on the PSM and additionally

compute velocities for manifold boundaries. We refer to their work

for more details about the estimators.

5 DIFFERENTIATING INTEGRALS WITH GLOSSY BSDFS
Our method is now capable of handling specular surfaces. In this

section, we generalize our method to differentiate the integral with

glossy surfaces.

5.1 Our Formulation
We consider the glossy BSDF with the form:

𝑓s (𝒙0, 𝒙1, 𝒙2) = 𝐷 (𝒉) ˆ𝑓s (𝒙0, 𝒙1, 𝒙2), (41)

where 𝒉 = 𝒉(−−−→𝒙1𝒙0,
−−−→𝒙1𝒙2) is the local half-vector at 𝒙1, 𝐷 (𝒉) is

a microfacet normal distribution function (NDF) like the Beck-

mann [Beckmann and Spizzichino 1963] and GGX [Trowbridge

and Reitz 1975; Walter et al. 2007] models.

5.1.1 Two-bounce case. As shown in Fig. 10, we suppose that 𝒙2
lies on a glossy surface Ms. With the BSDF 𝑓s, the two-bounce

material-form integral in Eqn. (14) can be written as:

𝐼 (𝒙1 → 𝒙0) =
∫
Bs

∫
Be

𝐷 (𝒉)𝐹𝑑𝐴(𝒑
3
)𝑑𝐴(𝒑

2
), (42)
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Glossy Glossy

Fig. 10. Left: the two-bounce light transport with a glossy surface. Right:
after applying the half-vector reparameterization and change of integration
order, the integration domain of the two-bounce material-form integral can
be converted to the local hemisphere H and PSM Sp.

where we continue to use 𝐹 to represent the contribution function

after removing 𝐷 . We propose that this integral can be converted to

the PSM formulation by two operations: half-vector reparameteriza-
tion and change of integration order.

Half-vector reparameterization. We first reparameterize the inte-

gral by performing a change of variables from the reference surface

Be to the static local hemisphereH of 𝒉:

𝐼 =

∫
Bs

∫
H
𝐷 (𝒉)𝐹h𝑑𝐴(𝒉)𝑑𝐴(𝒑2

), (43)

where 𝑑𝐴(𝒉) is the solid angle measure, and 𝐹h represents the con-

tribution function after multiplying 𝐹 by the corresponding Jaco-

bian determinant. In this way, 𝒙3 is determined by the mapping

𝒙3 = 𝐻 (𝒙1, 𝒙2,𝒉, 𝜃 ) as in Eqn. (12).

Change of integration order. In the next step, we reorder the inte-

gration as:

𝐼 =

∫
H

∫
Bs

𝐷 (𝒉)𝐹h𝑑𝐴(𝒑2
)︸                  ︷︷                  ︸

=:𝐹
int
(𝒙0,𝒙1,𝒉,𝜃 )

𝑑𝐴(𝒉). (44)

Note that this operation does not affect the result of the integral

and the Monte Carlo estimate due to the Tonelli’s theorem as the

integrand is non-negative.

Our formulation. We observe that 𝐹int is continuous on H (the

details are provided in the supplemental material) and has a similar

form as Eqn. (15). Then for each half-vector 𝒉, we can compute the

derivatives on the PSM Sp (𝒉) = Sp (𝒉, 𝜃 ; 𝒙1) (Fig. 10):

𝜕𝐼

𝜕𝜃
=

interior∫
H

𝜕𝐹int

𝜕𝜃
𝑑𝐴(𝒉) ,

𝜕𝐹int

𝜕𝜃
=

interior∫
Bs

𝐷 (𝒉) 𝜕𝐹h
𝜕𝜃

𝑑𝐴(𝒑
2
) +

boundary∫
ΔSp (𝒉)

Δ(𝐷𝐹h)𝑉Δ𝑑𝑙 (𝒑2
) ,

(45)

Value Value

Fig. 11. Beckmann NDF 𝐷 and its derivative 𝐷 ′ with respect to the angle
𝜃ℎ between the half-vector and the normal, with different roughness 𝛼 .
For small 𝛼 , 𝐷 ′ exhibits a greatly different shape compared to 𝐷 , making
𝐷 ′ not proportional to the importance sampling pdf of 𝐷 , and therefore
introducing large noise.

where ΔSp (𝒉) is the PSM boundaries onBs with half-vector 𝒉. Then
the boundary integral can be computed by our method with the full

velocity 𝒗 in Eqn. (34):∫
ΔSp (𝒉)

Δ(𝐷𝐹h)𝑉Δ𝑑𝑙 (𝒑2
) =

∫
Bs
∇ · (𝐷𝐹h𝒗) (𝒑2

)𝑑𝐴(𝒑
2
). (46)

5.1.2 Long light path. Ourmethod can be extended to support more

glossy surfaces as in Eqn. (37):

𝐼 =

∫
H1

· · ·
∫
H𝑛

∫
Bs

𝐷 (𝒉1) . . . 𝐷 (𝒉𝑛)𝐹h𝑑𝐴(𝒑2
)𝑑𝐴(𝒉𝑛) . . . 𝑑𝐴(𝒉1).

(47)

In this way, we move the integral defined on the PSM to the inner

layer and account for all boundaries on the PSM.

5.2 Noise Reduction by Differentiation on the PSM
Xing et al. [2024] propose that computing derivatives under half-

vector contraints can reduce noise for glossy BSDFs. More specifi-

cally, if we compute the derivative of Eqn. (42), the derivative of 𝐷

is required by the chain rule:

𝜕𝐷 (𝒉)
𝜕𝜃

=
𝜕𝐷

𝜕𝒉

𝜕𝒉

𝜕𝒙2

𝜕𝒙2

𝜕𝜃
=

𝜕𝐷

𝜕𝒉

𝜕𝒉

𝜕𝒙2

𝜕X(𝒑, 𝜃 )
𝜕𝜃

. (48)

For nearly specular material, 𝜕𝐷/𝜕𝒉 differs significantly from 𝐷

(Fig. 11), which leads to large variance of the Monte Carlo estimate.

Since 𝐷 is only related to 𝒉, fixing 𝒉 as the half-vector constraint

makes 𝜕𝐷/𝜕𝒉 vanish, which can avoid the large noise caused by

𝜕𝐷/𝜕𝜃 . However, applying the half-vector constraint requires com-

puting the boundary integral on the specular manifold, which is

not solved by Xing et al. [2024]. For the boundary computed via our

PSM, we have

∇ · (𝐷𝐹h𝒗) (𝒑2
) = 𝐷∇ · (𝐹h𝒗) (𝒑2

), (49)

where 𝜕𝐷/𝜕𝒉 also does not need to be computed. However, our

velocity 𝒗 can vary significantly because of weight functions, which

introduces extra noise. Fortunately, this noise is concentrated in a

small region because of the shapes of the weight functions (Fig. 8).

Therefore, when differentiation is moved from reference surfaces to

the PSM, the noise arising from 𝜕𝐷/𝜕𝒉 is transferred from the inte-

rior integral to the boundary integral and becomes more localized.
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OrdinaryConfiguration FD reference Ours WAS

1024 spp (537.9s)907 spp (537.2s)

Motionin out

outRay
Camera

Diffuse
Glossy
Specular
Emier

-10.0

10.0

Fig. 12. Equal-time comparisons of our method against WAS under glossy BSDFs with roughness 𝛼 = 0.01. The WAS method struggles with high noise even
at high spp due to the derivatives of the NDF, while our method converge well by performing differentiation on the PSM. For glossy BSDFs, we use the
Beckmann model [Beckmann and Spizzichino 1963] throughout this paper. We provide a legend for the configurations used in this paper.

This results in effective noise reduction over the entire domain, as

demonstrated in Fig. 12 and more results in Sec. 6.

6 RESULTS
We have implemented our method based on PSDR-Enzyme by Xu

et al. [2023], which is CPU-based and uses the Enzyme automatic

differentiation framework [Moses and Churavy 2020; Moses et al.

2021, 2022]. All timings are measured on a single NVIDIA 3090 GPU

and an AMD Ryzen 9 5950X CPU with 16 cores and 32 threads. The

resolutions of images are set as 512×512 for derivative visualization
results and 256 × 256 for optimization experiments considering effi-

ciency, unless otherwise stated. For sampling visibility boundaries,

we use 8 additional samples as WAS. We provide configurations to

illustrate our scene with the legend in Fig. 12.

We compare our method against existing methods including

WAS [Xu et al. 2023], projective sampling (Projective) [Zhang

et al. 2023], DPM [Xing et al. 2024], and attached sampling

(Attached) [Zeltner et al. 2021], using their released codes and

default settings. For Attached, the code for attached path replay

backpropagation [Vicini et al. 2021] has not been released. We

therefore rely on the implementation from Zeltner et al. [2021]

which only supports attached sampling under direct illumination.

6.1 Validation on Derivative Computation
Derivative computation. To validate the correctness and effective-

ness of our approach, we first compare our computed derivatives

with respect to scene geometries against FD reference and existing

methods in Fig. 13. Due to differences between the codebases, we

use equal sample rather than equal time. The performances of dif-

ferent method are provided in Table 2. Our method closely matches

the FD reference for both specular and glossy BSDFs by effectively

computing the boundary integral. In contrast, prior methods cannot

correctly compute geometry derivatives. The WAS can only com-

pute geometry derivatives for glossy BSDFs and fails under specular

BSDFs. Projective returns some derivatives for short specular paths

(e.g., first row of Fig. 13) because projective sampling is still permit-

ted in the presence of delta functions, as stated in Mitsuba 3 [Jakob

et al. 2022], combined with its derivative backpropagation. However,

Projective becomes ineffective for long specular paths. DPM can

compute derivatives for specular BSDFs but fails to handle geomet-

ric discontinuities, returning incorrect derivatives. Attached only

supports direct illumination (the first row in Fig. 13) and also fails

to correctly handle geometric changes. In Table. 3, we provide a

summary on abilities of different methods.

Equal-time comparison. We provide equal-time error comparisons

between our method and existing approaches in Fig. 14. Although

Projective, DPM, and Attached are GPU-based, while our method

andWAS are CPU-based, we still perform an equal-time comparison

directly. We report the MAEs computed against the FD reference. Al-

though our method is computationally more expensive, it achieves

the smallest error, whereas the existing methods, despite their lower

computational cost, produce results with large errors. This is be-

cause our method correctly handles geometric discontinuities under

specular materials, which is not achieved by other approaches.

Validation of our direct-interpolation-based method. We compare

our direct-interpolation-based method against the sampling-based

solution in Fig. 15. The sampling-based solution is biased but consis-

tent, which requires a large number of auxiliary samples to converge

to a relatively correct result, which is time-consuming and not prac-

tical. Our method is more efficient due to the direct interpolation.

The slow convergence of sampling-based solution is caused by the

interpolation form under the case of specular manifold. More details

can be found in the supplemental material.

Comparison with antithetic sampling. Zhang et al. [2021a] pro-

pose the antithetic sampling to reduce noise caused by derivatives

of glossy BSDFs. In Fig. 16, we compare our method with antithetic

sampling under equal time. We only show the interior integral

computed by the unidirectional path-space method (PS) [Zhang

et al. 2020] with material-form reparameterization and antithetic

sampling applied, which corresponds to our interior integral plus

manifold boundary integral on PSM with a unidirectional estimator.

Our method effectively reduces noise across the entire region, re-

sulting in less noise compared to antithetic sampling. The reason

is that although material-form reparameterization excludes object

boundaries from the boundary integral, this operation introduces a

fixed position constraint (see Sec. 3.3). Consequently, the path vertex

varies with the parameter 𝜃 during differentiation, which requires

the derivatives of the NDF. Our method performs differentiation

on the PSM, eliminating the need to compute NDF derivatives in

the interior integral. Meanwhile, the manifold boundary integral

is concentrated near the manifold boundaries. Consequently, the

overall noise is significantly reduced.
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OrdinaryConfiguration FD reference Ours WAS Projective DPM Aached
-0.5

0.5

256 spp 256 spp 256 spp 256 spp 256 spp

-5.0

-5.0
5.0

5.0
Specular

Specular

Specular

Fig. 13. Comparisons of derivatives between our method and prior works including WAS, Projective, DPM, and Attached under equal sample (256 spp). Our
method can match the FD reference closely for both specular and glossy BSDFs, while other methods fail to compute derivatives correctly.

Table 2. We report the performances of different methods for both derivative computation and optimization. For optimization, we report the time and
corresponding parameters of the first optimization stage, as we employ a multi-stage optimization strategy. The parameters include spp, maximum path
length, and the vertex number of the optimized object (# param). Note that our method and WAS run on the CPU, while the others run on the GPU.

Scene spp Max path length # param Ours WAS Projective DPM Attached

Bird (Fig. 13) 256 2 - 221.4s 209.2s 12.4s 13.3s 0.53s

Flower (Fig. 13) 256 5 - 679.3s 541.6s 13.4s 134.1s 0.56s

Cup (Fig. 13) 256 6 - 541.1s 420.8s 26.1s 89.9s 0.54s

Squirrel (Fig. 14) 64 3 10000 9.5s 8.9s 0.3s 2.5s 0.14s

Bunny (Fig. 14) 64 4 20000 13.2s 11.0s 0.6s 4.3s 0.16s

Teddy (Fig. 14) 16 4 10000 2.6s 2.2s 0.9s 2.5s 0.05s

Chess (Fig. 18) 32 3 10000 16.8s 14.9s 0.7s 3.2s 0.11s

Table 3. Comparison of different methods on their abilities. Our method successfully handles geometric discontinuities in the presence of specular BSDFs,
while other methods fail to correctly handle both specular BSDFs and geometric discontinuities.

Methods Ours WAS Projective DPM Attached
Support specular BSDFs ✓ × ✓ (with large error) ✓ ✓

Handle geometric discontinuities ✓ ✓ ✓ × ×

Besides, we also compare against the Projective method in Fig. 16.

It exhibits less noise, but loses derivatives in small highlight regions

caused by large geometric changes. The reason is that Projective

uses a different reparameterization than WAS, and projects ordinary

interior samples onto nearby boundaries to guide the sampling of

the boundary integral. However, this projection operation tends to

fail in these small regions. More discussions about the Projective

method can be found in Sec. 6.4.

Combination with bidirectional estimator. Our method can be ap-

plied to the bidirectional path tracer. Fig. 17 provides a comparison

of derivatives between our method and WAS using bidirectional

path tracing (BDPT), with glossy BSDFs and equal time. WAS suffers

from the high noise caused by the derivative of the NDF. In contrast,

our method produces significantly less noise by differentiating on

the PSM, which avoids the computation of NDF derivative and re-

ducing noise over the entire domain. Compared toWAS, our method

introduces low additional computational cost.

Validation on backward-mode gradients. We validate the

backward-mode gradients by comparing the gradients propagated

back to the mesh vertices in Fig. 18. We use a specular mirror to

reflect a light source, similar to the setup in Fig. 15. To compute

the FD reference, we use a low-poly mesh for the light, set the

image loss 𝐿 to the sum of all pixel colors, and compute the FD

derivatives of 𝐿 with respect to each component of every vertex
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OrdinaryConfiguration FD reference Ours WAS Projective DPM Aached
-5.0

5.0221 spp 256 sppCPU 180.7s

MAE:

CPU 181.4s 5640 spp 2838 spp 92518 sppGPU 180.7s GPU 180.7sGPU 180.7s

0.071 0.291 0.2950.295 0.429

Specular

Fig. 14. Equal-time error comparisons between our method and existing approaches. Our method achieves the lowest MAE. In contrast, the other methods
produce results with substantially larger errors even though they run faster. Note that Projective, DPM, and Attached are GPU-based, and the Attached
method is restricted to direct illumination, which contributes to their shorter runtime.

Configuration Ordinary FD reference Ours

8.76s 16.79s 158.98s 624.00s

Sampling
(64 spp+16 aux)

Sampling
(64 spp+256 aux)

Sampling
(64 spp+1024 aux)

-20.0

20.0

Fig. 15. Comparisons between our direct-interpolation-based solution and the sampling-based solution on the manifold boundary integral under 64 spp. The
sampling-based solution requires auxiliary samples for the Monte Carlo estimation and converges slowly because of the interpolation form.

Ordinary FD reference Ours

CPU 4.35s 50 spp CPU 4.31s 54 spp

PS (w/ Antithetic) PS (w/o Antithetic) Projective
-0.5

0.5CPU 4.39s 64 spp GPU 4.35s 134 spp

Fig. 16. We compare our method against antithetic sampling under equal time with a glossy BSDF of roughness 𝛼 = 0.01. We only show the interior integral
of the PS method [Zhang et al. 2020], which is computed under material-form reparameterization with and without antithetic sampling. This corresponds
to the interior integral plus the manifold boundary integral in our method. Our method outperforms antithetic sampling and has less noise. In addition,
Projective is also included as a baseline for comparison. It produces less noise but struggles in small highlight regions.

Ordinary FD reference Ours WAS

128 spp (204.6s)117 spp (205.4s)

-10.0

10.0

Fig. 17. Comparisons of our method and WAS with BDPT under equal time.
We use a glossy BSDF with roughness 𝛼 = 0.01. Our method produces
significantly less noise comparing with WAS.

on the light. For our method, we set the gradient 𝑑𝐿/𝑑𝐼 to identity

and back-propagate it to the light source mesh vertices. Then we

compare the derivatives at the vertices of the light. The results

from our method show minimal error from the FD reference. This

validates that although our method applies reparameterization

to convert the boundary integral into an interior integral, it is a

Ordinary FD reference Ours
-3500

3500

Difference

Fig. 18. Validations on backward-mode gradients.We compare the gradients
propagated back to the low-poly octagonal light mesh vertices. For the 𝑥 ,
𝑦, and 𝑧 components of the gradients at vertices, we apply a unified color
mapping to convert them into RGB values and visualize them on the mesh.
We use the barycentric interpolation across each triangle using the vertex
colors. Our method achieves minimal errors compared to the FD reference.

mathematical reformulation that does not change the gradient. The

gradient is expressed through a different representation, but is not
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altered or redistributed. It therefore does not affect the use of the

gradient in inverse rendering, which is further validated in Sec. 6.2.

6.2 Validation on Gradient-based Optimization
Gradient-based geometry optimization. In Fig. 19, we present a

comparison of inverse rendering via gradient-based optimization.

We optimize object shape to match target images rendered from 40

known poses. Mesh vertices are optimized using the method of Nico-

let et al. [2021] with identical settings across all methods, including

spp, learning rate, mesh vertex count, and the mean absolute error

(MAE) loss function. Note that although the original DPM relies on

the optimal transport method [Xing et al. 2022] to drive geometry

optimization, we only use its computed derivatives within Nicolet

et al.’s framework for a fair comparison. Our method successfully

drives geometry optimization to match the target images with both

specular and glossy BSDFs, using our computed derivatives. For

other methods, in the first two rows with specular materials, only

Projective can drive optimization, but its results fail to match the

target. This is because WAS, DPM, and Attached cannot compute

geometry derivatives under specular BSDFs, while the derivatives

produced by Projective are incorrect. In the third row with glossy

materials, WAS, Projective and DPM do not converge well due to

the high noise introduced by glossy BSDF derivatives. The opti-

mization process and the corresponding mesh shape are provided in

the supplemental video. The optimization performances of different

methods are provided in Table 2.

Optimization for occluder. In Fig. 20, we validate our method for

visibility boundaries on PSM by performing shape optimization

for an occluder. We compare with previous methods under equal

sample and same settings as above. Our method can optimize the

occluder’s shape under a specular surface, while other methods

fail. Specifically, WAS does not support specular BSDFs. Projective

returns highly inaccurate derivatives, leading to divergence. DPM

andAttached fails to handle geometric discontinuities. Our approach

generalizes WAS by sampling on the PSM, enabling it to handle

visibility boundaries under specular BSDFs.

6.3 Additional Applications
We show additional results including derivative computations for

point lights and the index of refraction (IOR). Priormethods typically

do not compute derivatives with respect to point light position or

the IOR of specular objects due to the presence of delta functions,

and set them as non-differentiable parameters. We therefore present

only the results of our method without comparison.

Delta function from point light. Our method computes derivatives

in the presence of delta functions introduced by specular BSDFs,

which produces a geometric half-vector constraint. Our method

can be extended to handle delta functions from other sources, such

as point lights. When both point lights and specular objects are

present, we define our PSM by projecting the constrained manifold

onto the first non-specular surface before the specular object. In

Fig. 21, we use BDPT to render point light reflected by a specular

object onto a diffuse surface. Based on the reflected pattern, we

optimize the position of the point light. In this case, our PSM is

defined on the diffuse surface. Our method remains effective even

under these extreme conditions.

Derivatives of the IOR. The IOR of a specular BSDF affects the

location of the specular manifold. Consequently, changes in the

IOR introduce the boundary integral that must be accounted for.

In Fig. 22, we present an example of derivative computation and

optimization with respect to the IOR. Specifically, we optimize the

IOR of a convex lens to match a target image, demonstrating the

effectiveness of our method.

6.4 Discussion and Limitations
Biasedness. While our direct-interpolation-based method is unbi-

ased in theory, it introduces bias in practice, as 𝒗m is ill-defined at

the intersection of ΔSs

p
and ΔSe

p
. For points near the intersection,

both 𝐵(𝒑,ΔSs

p
) and 𝐵(𝒑,ΔSe

p
) are small, which makes weight func-

tions numerically unstable. More details about the error analysis

are provided in the supplemental material. Developing unbiased

methods based on boundary sampling or WoS is left for future work.

Choice of the object defining the PSM. In the two-bounce case,

we choose to define the PSM on Bs which is the reference surface

ofMs. While defining PSM on Be is also possible, our choice is

due to the reason that computing 𝒙3 from 𝒙1𝒙2 is straightforward,
which requires evaluating a ray-intersection function 𝐻 in Eqn. (12).

But obtaining 𝒙2 from 𝒙1 and 𝒙3 is implicit, involving more ma-

trix operations when computing Eqn. (30). Besides, representing

the manifold onMe also faces difficulties with handling visibility

boundaries, which requires finding the corresponding point onMs

given a sampled point onMe.

Discontinuity of the pixel reconstruction filter. Yu et al. [2022] show
that when the pixel reconstruction filter is discontinuous (e.g., a

box filter), differentiating the integral over the pixel results in a

pixel boundary integral. In our case, if 𝒙0 is the camera position,

we transform Eqn. (15) to an integral over a footprint P(𝜃 ) ⊆ Bs
corresponding to a given pixel:

𝐼 =

∫
P(𝜃 )

𝐹p (𝒙0, 𝒙1, 𝒙c2, 𝜃 )𝑑𝐴(𝒑1
), (50)

where 𝐹p computes the corresponding contribution with the filter

but excludes the delta functions. Then our method can be extended

to P, which requires interpolation using the distance from 𝒑
1
to

boundaries on P. We add a boundary-test function 𝐵p (𝒑0
,𝒑

1
,P)

that measures the distance from 𝒙0𝒙1 to the pixel boundary. More

details are provided in the supplemental material.

Advanced optimization methods. For geometry optimization, we

only provide results based on the method of Nicolet et al. [2021].

Optimizing specular or transparent objects often requires more com-

plex techniques, as the high-frequency reflection and transmission

are hard to match the target image. Our method focuses on comput-

ing derivatives with specular BSDFs. These computed derivatives

can then be used for more advanced optimization approaches like

the optimal transport [Xing et al. 2022], enabling the solution of

more complex inverse rendering tasks. We leave the integration

with more advanced optimization methods for future work.
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Fig. 19. Comparisons of gradient-based shape optimization between our method and previous works. We employ the method of Nicolet et al. [2021] to
update mesh vertices with identical settings for all methods. We use images rendered with objects from 40 poses for targets. Our method drives optimization
successfully to match targets, while other methods cannot converge well. Mesh error is computed as the Chamfer distance [Barrow et al. 1977], which is only
used for evaluation.

Performances of the projective sampling. The Projective method

performs poorly in most comparisons. The reason is that projec-

tive sampling’s performance is highly dependent on path length

and whether the material is specular or glossy. Projective sampling

projects samples onto nearby object boundaries and then employs

a guiding data structure to sample the boundary integral. It per-

forms relatively well on short glossy paths, as illustrated in the first

row of Figs. 13 and 16. However, it struggles with longer paths or

specular materials, since the increasing scattering events and sparse

boundary integrand make it difficult for the projection to find valid

samples. This is also evidenced by Wu et al. [2025].

Limitations. Ourmethod has several limitations. First, ourmethod

is biased due to the interpolation of velocity fields. For complex

scenes containing multiple tiny specular objects, the complexity

of manifold boundaries may cause our method to produce large

errors. Second, the computation of velocity fields and divergences

causes additional overhead. For short specular paths, we find that

the overhead is minimal. But for long paths, the complexity of matrix

operations increases (see the supplemental material formore details),

which leads tomore computational cost. Third, ourmethod is limited

to object surfaces and does not support volumetric rendering.

7 CONCLUSION
In this paper, we present a novel way to compute derivatives for

specular BSDFs by considering the constrained specular manifold

induced by the delta functions. At the core is the projected specular

manifold (PSM), which enables the use of warped-area reparame-

terization to compute the boundary integral, avoiding the need for
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Configuration Target Ours WAS Projective DPM Aached Error
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Fig. 20. Comparisons of shape optimization for the occluder. We limit the path length to 3 and optimize the occluder’s geometry only based on the shape of
the occluded region. The target images are rendered from 40 known poses of the occluder. Our method can handle visibility boundaries under specular BSDFs,
while other methods fail. The mesh error is only used for evaluation.

Configuration Target FD reference 

Initial

Ours

Ours (optimized) #Iteration#Iteration

MAE Param. error
-5.0

5.0

Fig. 21. Derivatives and inverse rendering results about point light with
BDPT. In the first row, we compute derivatives with respect to the horizontal
displacement of the point light. In the second row, we optimize the point
light position based on its reflection pattern from a specular object onto
a diffuse surface. The optimization is performed under single view. The
parameter error is only used for evaluation.

precisely locating the discontinuity curves on the specular mani-

fold. To construct the velocity field required by warped-area repa-

rameterization, we further propose a simple but effective direct

interpolation method, utilizing the distances from vertices to discon-

tinuity curves and the corresponding velocities. We then generalize

the WAS method to the PSM for visibility boundaries and extend

our method to glossy BSDFs. As a result, our method produces

derivatives that match the reference closely while introducing low

additional overhead.

In the future, generalizing our method to more complex disconti-

nuities, such as those from discontinuous light sources or stylized

functions [West and Mukherjee 2024], is an interesting direction.

Complex specular scenes containing many small specular objects

remain a challenge in rendering. Combining our method with spec-

ular path rendering techniques [Fan et al. 2025; Zeltner et al. 2020]

is worth exploring.

Configuration Target FD reference Ours

Ours (optimized)Initial
#Iteration #Iteration

-5.0

5.0

Param. errorMAE

Fig. 22. Derivative computation and optimization for the IOR of the specular
BSDF. We optimize the IOR of a convex lens to reduce the size of the light
source in the rendered image, under the single view. The parameter error is
only used for evaluation.
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